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Preface

With the view that a complex system includes “any object whose behavior as
a whole is not determined in a simple way by the behavior of its individual
constituents”, the Complex Systems Academy covers a broad spectrum of
scientific activities that often cross conventional scientific fields.

Following the first two years of existence of the Academy, this edition
of the Proceedings of the Complex Systems Academy of Excellence was
prepared in the wake of the first “Complex Days” Academy-wide meet-
ing, which took place in Nice in January 2018. As such, this book is a non-
exclusive window into the many research topics that are currently addressed
at the Université Cote d’Azur within the scope of the Academy. Far from
being an exhaustive list or final word, it is only a glimpse of the ongoing
research at a very precise point in time.

Still, as will be evident to the reader, many topics are discussed in the
following chapters, ranging from mathematics and physics to archeology,
chemistry and space science or ecology and biophysics. Can such a diversity
be categorized? Would it even be really productive at the time of writing?
Inspired by one of the most emblematic phenomena encountered in complex
systems, namely “self-organization”, the organizers of the meeting and the
editors of this compendium deliberately decided not to categorize. Instead,
the choice was to mix topics as much as possible and to leave the reader
to construct from the parts his or her own vision of the whole, free from
disciplinary silos.

The editors of this volume thank all the participants of the meeting, with
special thanks to the contributing authors of the Proceedings.







Polynomial interpolation in
higher dimensions

Alexandru Dimca

Abstract We describe a recent advance in the theory of interpolation in the
plane, based on the theory of line arrangements in the complex projective
plane.

1 Interpolation in dimensions one and two

1.1 Lagrange interpolation

We denote by R the field of real numbers and by C the field of complex
numbers. Let py,..., pn be n real numbers, thought of as n points on the real
line.

Assume that each point p; has an associated nhumber ¢; 2 R, thought of as
the result of a measurement effectuated at the point p;, fori =1,2,...,n, of a
physical entity of interest to us, e.g., temperature, pressure, or density of a
substance. Let S = fpq, p2, ..., png be the set of these n points, and

f:STR

the function defined by f(p;) =c¢; for i =1,2,...,n. In order to move from
experiment to theory, we would like to find a formula for this function f.
The most natural idea is to look for a polynomial P(x) of minimal possible
degree such that one has

Alexandru Dimca
Université Cote d’Azur, CNRS, LJAD, France, e-mail: dimca@unice.fr


dimca@unice.fr

Alexandru Dimca
f(pi) =P(pj) foralli=1,2,...,n.

The hope is that this polynomial will in fact satisfy f(t) = P(t) for any real
number t, and hence our discovered formula would allow us to make pre-
dictions as well.
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Fig. 1 The n =4 points (pj,c;) are on the parabolay = P(x), with P(x) = x2 3x+1.

The following result was first published by Waring in 1779, rediscovered
by Euler in 1783, and published by Lagrange in 1795.

Theorem 1. For any n distinct real numbers p;, i = 1,2,...,n, and any given n
values ¢j, i = 1,2,...,n, there is a unique polynomial P(x) of degree at mostn 1,
such that P(p;) =cjforalli=1,2,...,n.

To give a formula for P(x), consider, for any i = 1,2,...,n, the degree n 1
polynomial

Pi=1njei(X  pj)

Pi=injei(Pi  pj)’

and note that Q;(p;) = 1 and Q;(py) = 0 for any k & i. With this notation one
has

Qi(x) =

P)= ¢iQi(¥).

i=1,n

Consider the vector space of polynomials of degree at most d, denoted by
R[x] 4, and the linear map given by evaluation

eg R[x] ¢ ¥ R®=R", e(Q)(pi) = Q(pi),
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forany i =1,2,...,n, where RS denotes the vector space of all functions S ¥
R. The above results say that ey is injective ifand only ifd n 1,and ey is
surjective ifand only ifd n 1. Such results are true over any field: R, C
or even finite fields.

1.2 Interpolation in dimension 2

Let now p; = (x;,y;) for i =1,2,...,n be n points in the plane R?. Assume
each point has an associated value ¢; 2 R, thought of as the result of a mea-
surement at the point p;. Let S = fpq, p2, ..., png be the set of these points,
consider the associated function f : S ¥ R given by f(p;) = c¢; and look for
the minimal degree d such that there is a polynomial Q 2 R[x,y] of degree d
satisfying

f(pi) = Q(xj,yj) foralli=1,2,...,n.

This is the old question, but the setting is new: the answer now depends on
the position of the points p; in the plane.

Example 1 (3 points in the plane). If the 3 points py, p> and p3 are not collinear,
then we can take d = 1. Indeed, as above, we can construct 3 polynomials
Q1, Q2 and Qg3, by taking the equations of lines passing through two of the
points p;. When the 3 points py, p2 and p3 are collinear, then the minimal
degree is d = 2. Indeed, there are conics passing through two of these points
and avoiding the remaining one.

We discuss now a special type of interpolation node, i.e., a special class of
choices for the points p;’s. Consider a finite family of lines L; : *j(x,y) =
ajx +b;y +¢; = 0 in the plane R?, for j=1,2,...,m. If these lines are generic,
i.e., no two are parallel and no three are concurrent, then we get precisely

intersection points, which will play the role of our points p;.

Theorem 2. For any m generic lines in the plane and any given N values c; associ-
ated to their intersection points pj, there is a unique polynomial P(x,y) of degree at
mostm 2, such that P(p;) =c; foralli=1,2,..., N. More precisely, the evaluation
map

es RIxy] ¢ ¥ R®=RN, e(Q)(pi) = Qxi.vi),
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pi = (Xi,Yi)

Fig. 2 m = 4 generic lines in the plane

is surjective ifand only ifd m 2 and itis injectiveford m 2. A similar
claim of surjectivity holds when the lines are replaced by any nodal curve C of degree
d and the intersection points by the set of nodes of C.

Note that the degree of P is much smaller than the number of interpolation
points pj, namely m 2 <N =m(m 1)/2. The injectivity claim is easy,
using Bezout Theorem about the intersection of two plane curves. The sur-
jectivity is subtle, the proof uses Hodge theory, see [7]. The case when C is a
Chebyshev curve is particularly interesting, see [6].

2 Projective Duality and Interpolation

From now on we move from the real field R to the complex field C, and from
the affine plane C? to the projective plane P2, with coordinates (x:y:z). A
point p in P? is given by 3 homogeneous coordinates

p=(a:b:c),

where a,b,c 2 C are not all zero. To such a point we can associate a line Ly in
P2, given by the equation

Lp:ax+by+cz=0.

Hence to a set of points S = fp; :i = 1,2,...,ng in P?, we can associate a line
arrangement Ag = flLp, :1=1,2,..,ngin P2. The multiplicity of a point p in
a line arrangement A is the number of lines of the arrangement A passing
through p. For more on line arrangements we refer to [4].
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2.1 Splitting type of a line arrangement

Why to pass from points to lines ? Because line arrangements have a lot of
geometry. In particular, for any line arrangement A in P2 one can define
a rank two vector bundle E = E(A) on the projective plane P?, the bundle
of logarithmic vector fields along A. If L is a generic line in P?, then the
restriction EjL splits as a direct sum of two line bundles on L = P!, with first
Chern classes given by two negative integers, say ( a, b),with0 a b.
The pair (a,b) is called the splitting type of E and satisfiesa+b =jAj 1.
For details, see [1,5].

2.2 A new look at the 1-dimensional case: a refinement

The fact that the evaluation map
eq:R[X] ¢ ¥ R®=R", e(Q)(pi) = Q(pi).
issurjective ford n 1isequivalent to the claim that
dimkereg =dimfQ 2 R[x] 4:Q(pj) =0foranyig=d+1 n,

ford n 1. Nowfixanintegerk 1,consideranew pointq2 R,butqZs,
and define a new evaluation map

eqgk RIX] ¢ ¥ R"™*=R" R[X] ¢ 1,

where e(Q)(pi) = Q(pi) 2R and e(Q)(a) = Tk 1Q(a) 2R[x] k 1isthe (k
1)-st Taylor expansion of the polynomial Q at the point g.

In particular, e(Q)(q) =Ty 1Q(q) =0ifandonlyifthefirst (k 1) deriva-
tives of Q vanish at g, namely QW (q) =0forall0 j k 1.Itiseasy to
show that this new evaluation map is surjective ford n+k 1, and hence

dimkeregqx=d+1 n Kk,

ford n+k 1. The practical interest of this refinement is that, for in-
stance, a zero Taylor expansion of high order means very small values for
the polynomial Q in the neighborhood of the given point g.
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2.3 A new 2-dimensional interpolation problem

Starting with a given set of points S = fp; :i =1,2,..,ng in P2, we fix an
integer k 1, and define I(S)4 to be the vector space of homogeneous poly-
nomials Q 2 CJ[x,y,z]q such that Q(pj) =0 for any i =1,2,...,n. Choose then
a generic point g 2 P2 and consider the vector space V(d, S,k,q) of homoge-
neous polynomials Q 2 1(S)4 such that T, 1Q(q) = 0. The expected dimen-
sion of this vector space is

. . k+1
dimgV(d,S,k,q) :=dim1(S)g4 5

when this number is positive. An important special case is when d = k,
which is also the simplest case to consider. In this setting, we introduce the
following notion, see [2].

Definition 1. We say that the set S admits an unexpected curve of degree k
if
dimV(k,S,k,q) >dimeV(k,S,kq) O.

The main result in this direction is the following, see [2].

Theorem 3. Let S be a finite set of n points in P? and let (as, bs) be the splitting
type of the dual line arrangement Ag. Then S admits an unexpected curve of degree
k if and only if the following hold.

as+1 k bg 1,
the multiplicity of any intersection point in Ag is at most ag + 1.

2.4 An example: the complete polygonal arrangements

Consider a regular polygon with N 3 edges, and the associated line ar-
rangement A consisting of the following 2N + 1 lines

the N lines determined by the N edges of the polygon,
the N symmetry axes of the polygon, and
the line at infinity.

This type of line arrangement occurs in the following result, see [3].

Theorem 4. For N even, the complete N-polygonal arrangement has an unexpected
curve of degree N.
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Fig. 3 Complete 4-polygonal arrangement; the line at infinity is drawn as the red circle.

The proof uses the theory of supersolvable line arrangements to show that
a=N 1landb=N+1 Asanexample, for N=4wegeta=3andb=5.
Hence A admits an unexpected curve of degree 4 by the result in see [2].

In the case N = 4, the complete N-polygonal arrangement is the dual ar-
rangement As, where the set of points S consists of the points (0:0: 1),
(0:12:0),(:0:0,(1:12:1),(0:1:1),(1:0:1),(1:2:0),( 1:1:0),
(1:1:2). This situation was considered first by B. Harbourne in [8].
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Compressions of a
polycarbonate honeycomb

André Galligo, Jean Rajchenbach and
Bernard Rousselet

Abstract The in-plane compressive response of a polycarbonate honeycomb
with circular close-packed cells is considered first experimentally, then an-
alytically. Under quasi-static uniaxial compression we observed behaviors
that strongly depended on the orientation: for one of the two main orien-
tations the compression is homogeneous, while for the other the deforma-
tion localizes in a very narrow band of cells. More surprisingly, for extreme
but not crushing compression, when the load is released, the deformation
is reversed, the localization disappears and the polycarbonate returns to its
original shape. In order to explain these strange phenomena, we develop
a geometric model of this honeycomb together with an expression of the
bending energy. We focus on a basic mechanical element made of an elas-
tica triangle. We also compare our description with previous experimental
studies and simulations made with similar material. Finally, to illustrate this
type of behavior mathematically, we present a simple model for buckling
deformations with two degrees of freedom, which is also reversible.

André Galligo
UCA, LJAD e-mail: gal ligo@unice.fr

Jean Rajchenbach
UCA, Inphyni e-mail: Jean.Rajchenbach@unice.fr

Bernard Rousselet
UCA, LJAD e-mail: bernard.rousselet@unice.fr
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1 Introduction

Honeycombs are a widely used material and it is important to understand
the mechanism governing their responses to compressions. Here we con-
sider a polycarbonate honeycomb with circular close-packed cells, as shown
in the following pictures, which we submitted to an in-plane quasi-static
uniaxial compression, with different orientations. Since the common tan-
gents to the circles of the plane initial configuration form an hexagonal mesh,
there are two different natural directions of compression, namely, when the
vertical compression axis is either parallel or perpendicular to a tangent.
In the first case, the circles are positioned in columns, and in the second
case they are in a staggered arrangement. WWe observed that, as expected, in
the first case the deformation was homogeneous, compressing all the rows.
However, in the second case we observed localization along a few horizon-
tal rows. More surprisingly the second kind of deformations were also re-
versible, contradicting usual expectations.

To understand these phenomena, we first compared our observations
with other published experiments, mainly the excellent work of S. Papka et
S. Kyriakides [3], which is accompanied by coherent simulations performed
by a detailed computer model. While their aim was to describe the differ-
ent steps of a complete crushing of a material, the first steps of their de-
scribed experiments coincide with ours. So our first contribution is the ob-
servation of what happens when one releases the load after the localization
is achieved, and the surprising fact is that the process is reversible.

Our second contribution is the description of a geometric model for the
deformation of the circular close-packed cells and the corresponding hexag-
onal mesh, controlled by the evolution of the total bending energy of the
mechanism. For that purpose, we propose an alternative decomposition of
the material in an aggregate of curved triangles instead of the obvious aggre-
gate of circles. We also develop spline approximate models of their geome-
try. All of this allows us to provide a rational explanation for the considered
phenomena.

The last section will be dedicated to the presentation and the mathemat-
ical analysis of a simple mechanical model with two degrees of freedom.
The target will be to somehow illustrate, with a much simpler model, the
observed localization of the deformations that combines a kind of buckling
with a rotation; in particular the process is reversible.

We thank the CNRS Fédération Doeblin, for its support during the prepa-
ration of this work.
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1.1 Experiments

We submitted a circular polycarbonate honeycomb to a in-plane quasi-static
uniaxial compression, along two compression directions, either parallel or
perpendicular to a cell tangent. We observed two completely different be-
haviors: either a homogeneous deformation or a localization.

Figure 1 shows the first and last step of a compression (before a release of
the load); we observe that the middle rows of the cells are strongly bent on
the left or on the right and almost crushed. In other words the deformation
localizes along the middle rows.

We also notice a quasi invariance by some horizontal translations.

Fig. 1 Compression of a circular honeycomb in a staggered stack

The very surprising fact is that when we stop the compression at this
point and leave the material free to relax, it returns to its initial configu-
ration. In an important paper [3], S. Papka and S. Kyriakides studied the
crushing of the same kind of polycarbonate honeycombs that we are consid-
ering. We refer to the figure 2 of page 243 of the article [3] of S. Papka and S.
Kyriakides that describes the sequence they observed through 8 successive
images of deformed configurations, corresponding to the response to a long
compression. The images labeled (0) to (3) completely conform to our ob-
servations, with the same kind of localization phenomena (before we release
the load).

S. Papka and S. Kyriakides also mentioned accurate measures of the geo-
metric characteristics of the cells of the honeycomb, pointing out variations
of wall thickness and “ovalisation”, illustrated by a schematic that we show
in the left panel of Figure 2. These facts were also confirmed in an article [1]
by L.L. Hu, T.X. Yu, Z.Y. Gao and X.Q. Huang, who also provided a convinc-
ing photo taken with a microscope.

We emphasize that, on the image, we can observe that near the stick
points, the ovals coincide at a higher order than a usual tangent point. We
based our model on this important observation.

11
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stress
A

displacement

Fig. 2 Left panel: Sketches of the microscopic geometry near a stick point. Right panel:
Non-linear behavior of the response.

S. Papka and S. Kyriakides recorded the compressive response in order to
describe the different steps of the crushing, in the right panel of Figure 2 we
sketched a graph summarizing the non-linear evolution of the stress against
the displacement for our own experiment (before the final crushing). The
numbers on this graph correspond to those of Figure 5.

Finally, we also report that S. Papka and S. Kyriakides provided a com-
puter model of the compression process. Their problem was discretized us-
ing the software ABAQUS with quadratic beam elements; the simulation
of the crushing of a honeycomb was consistent with the observations sum-
marized in the figure cited above and allowed us to precisely describe the
process.

2 Geometric Modelization

We consider that the basic polycarbonate material of the curved walls is
isotropic and hyper elastic, which implies that it admits reversible elemen-
tary deformations.

We will assume that the length of each arc of the curve between two stick
points does not vary during a deformation and that the deformations keep
the sections in the same plane, so the entire study will be conducted in 2D.
An invariance by horizontal translations is also assumed.
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We consider that the glue between the “circular” packed cells plays a
key role that we formalize through the two following geometric hypothe-
sis: During all the compression and release processes we consider that the
curvatures at the sticking points are zero. At the beginning of the compres-
sion the 3 semi-tangents at the stick points of a curved triangle meet at the
same point. This property remains true for small deformations or when the
triangle admits a symmetry axis.

Assuming this simplifying property, we can associate to the polycarbon-
ate an abstract hexagonal mesh (made of small tangent segments), which re-
sembles an hexagonal honeycomb and follows the deformation of the poly-
carbonate.

It makes sense to view the polycarbonate honeycomb not as an aggregate
of packed circles, but as an aggregate of curved triangles (represented by
Bezier splines) that can be deformed, provided that any two adjacent semi-
tangents coincide.

Fig. 3 Model of a curved triangle, undeformed and deformed.

We now present an explanation of the unexpected phenomena observed
in our experiments. Let us emphasize, with the illustration of Figure 4, that
the initial curved triangles are positioned differently relatively to the load,
so that after the first step of the compression the remaining axial symmetries
are different.

Fig. 4 Two distinct directions of conserved symmetry.

13
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Let us consider, in both cases (stacks in columns or staggered), the effects
of a compression.

2.1 Stack “in columns’

The compression respects the horizontal symmetry of each curved trian-
gle, of each oval, and of each hexagon formed by the tangents.

The stack of hexagons made by the tangents deform (reversibly) to a flat-
tened stack of hexagons.

2.2 ”Staggered” stack

After a certain load the ”horizontal side of the triangle reaches a max-
imum allowed length, then either it stops deforming or it buckles and
a vertex bends (randomly on the left or on the right), then the triangle
rotates in that direction.

This behavior localizes along a few rows where imperfections provide the
weakest resistance to buckling.

In this process these curved triangles eventually rotate by an angle of &,
and behave in a way similar to the one described for the curved triangles
in a stack “in columns”.

The whole phenomenon is illustrated on the sequence of four images
shown in Figure 5, their ordering 1 to 4 correspond to those of Figure 2.
To emphasize the described process, we chose three different colors to sin-
gle out the behavior of each of the curved triangles surrounding an oval in a
localizing row. Note that a central symmetry is clearly conserved.

When the load is released, each flattened, curved triangle reacts elasti-
cally, in particular those in the upper and lower rows that did not buckle or
rotate, and recover their original form. In the localized rows, the vertices that
were forced to meet are separated, can relax, the process is then inverted and
the curved triangles in the localization row rotate in the opposite direction.
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Fig. 5 Deformations and rotations around an oval.

3 A simple model for buckling deformations

In this section we present a model with 2 degrees of freedom made of 3 bars
linked with 2 hinges; one bar is linked to a fixed hinge, whereas the third one
is linked to a hinge that can move horizontally and on which a horizontal
load is applied. The system may be described with 3 angles of the bars with
respect to the unloaded configuration f, f,, f3; see the figure below. The
work of the applied load is Pw, where the horizontal displacements of the
hinges are:

Up=0,u; =11(1 cos(fy)), uz=11(1 cos(fy))+1(1 cos(F2)),

w=1;(1 cos(f))+1,(1 cos(F))+I3(1 cos(Fy)).

The horizontal ones are: xg = 0,x; = I sin(fy), %2 = lpsin(f,),x3 = 0 and
we have: xo x; = Igsin(f); f; = arcsin(T—ll), f, = arcsin(’f—;) and f3 =
arcsin(XZI—sxl).

We assume that torsion springs are active on hinges A; and A;; we denote
the relative angle of rotation of each bar with qy, g, with respect to its neigh-
bor; q1(x1,X2) = F1(X1,%x2)  F3(X1,%2), Ga(X1,%X2) = Fa(X1,%X2) + F3(X1, X2).

Assuming the torsion springs to be linear elastic, the strain energy is
(K102 + Kz03). Then the total energy involving the work of the applied
load is

V(xg,x2) = %[Kl(m(Xl,Xz))Z + Ko (2 (1, %2))4] PW(xq,%2). 1)

With this energy, we get the equilibrium equation: % =0, % =0.

To simplify the computations, we assume here that I, =1, =13 =1 and
that K1 = K2 = 1. Then by symmetry, the equilibrium can be reached only if
Xp = X1 OF Xo = Xj.
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For P <1, then x =0 is the only stable equilibrium. For 1 <P < 3, then x =
0 is an unstable equilibrium and two stable equilibriums appears for xo = x;

and P = %rl(xl) i.e., jx1j almostequalto = (6(P 1).For P> 3, two stable

equilibriums appear for x, = x; and jx;j almost equal to ~ (2(P 3)/3.
This corresponds to the configuration shown in the next figure.
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Measurement of temperature
and thermal gradients using
fibre optic long period gratings

Frédéric J Lesage

Abstract Ultraviolet-written Long Period Fibre Gratings are demonstrated
to be affective tools when measuring thermal gradients of a thermally con-
ductive material. More specifically, variations in the thermal system of a
substrate are detected through transmission spectrum responses. While it
is well known that uniform temperature leads to pure wavelength shifts of
the transmission spectrum minimum, observed changes in transmission loss
lead to predictions of thermal gradients. Since Fourier’s law of heat conduc-
tion implies that heat flux measurements of known conductive materials can
be predicted with knowledge of the temperature gradient, the present work
demonstrates that optical fibres may be used to develop photonic heat flux
sensors. Such an advancement would have a significant impact in industries,
such as building materials, in which embedded sensors are used to predict
surface thermal boundary layer conditions.

1 Introduction

In the physical sciences, our capacity to measure physical phenomena dic-
tates our ability to make scientific observations and to formulate conclu-
sions. For this reason, there is great interest in the scientific community to
improve the precision in temperature and heat flux measurements. Indeed,
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accurate accounts of thermal profiles are key in design, safety, control, and
maintenance of a large array of industrial processes [1, 2]. Rather than dis-
cuss all processes involving thermal measurements, this paper focuses on
the need for improved temperature and heat flux sensors for building ma-
terials. More specifically, in the construction industry deteriorating building
foundations are due to premature form-work removal (or stripping) when
curing structural concrete resulting in a material resistance that is inferior to
that which was intended [3]. Strategies to control concrete resistance aim to
measure real time curing temperature evolution by inserting a temperature
sensor in the form-work before curing begins [4]. The information provided
allows for adjustments to be made to the water, limestone and aggregate
quantities and to pinpoint the removal time of the concrete encasing [5].

Katipamula and Brambley [6] highlight the need for building material
temperature measurements for improved habitat comfort, and for more effi-
cient building energy systems. Other needs for temperature sensors in build-
ing materials gravitate towards the detection of faulty design, energy con-
sumption, and structural damage [7,8]. Currently, conventional temperature
sensors present certain limitations. As detailed in [1], they can be fragile,
be unstable over long-period use, overheat, heat the substrate, and are sub-
ject to electromagnetic interference. Furthermore, they are inconvenient over
large distances [2]. The present study explores the use of fibre optics as a
temperature sensor and as a heat flux sensor. The main thesis of this work is
that long-period fibre gratings can be calibrated to measure simultaneously
temperature and heat flux. Furthermore, the precision of the measurements
relative to conventional methods is promising. This is due to the fact that the
measurements rely on the degree of accuracy of wavelength and transmis-
sion spectrum measurements.

2 Background

Fibre optics are generally made of glass and have the ability to channel light
over large distances with minimal loss. They are widely used in telecommu-
nications and have more recently been used as sensors for various applica-
tions [9]. The use of fibre optics as sensors was made possible by the devel-
opment of Fibre Bragg Grating (FBG), characterised by their core’s periodic
variations in refractive index, and by Long-Period Fibre Grating (LPFG),
which feature periodic perturbations in the cladding mode. These fibres
have been shown to be sensitive to temperature and deformation [10-12].
In this study, Ultraviolet Long-Period Fibre Gratings (UV-LPFG) are used
to detect variations in the transmission spectrum with respect to heat flux
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and temperature. As illustrated in the UV-LPG section of Fig. 1, the per-
mutations are written into the fibre cladding and the core (such as in [13])
periodically, thereby changing the propagation modes. The result is a graph-
ical dip in transmission spectrum representing a power loss that is sensitive
to the light’s energy levels (hc/1).

Pelletier modules
Ty T,

jacket

cladding

Si 0,
\ core
Si 0, + GeO,

Fig. 1 Incident light refracting through the core and cladding of an Ultraviolet Long-
period Fibre Grading (UV-LPFG) with a thermal gradient maintained using Peltier mod-
ules.

16, cladding , n,
By core,ny >n

|
UV-LPFG

Light propagates in the optical fibre according to Snell’s law (also known
as Descartes’ law) which states that:

NoSinay = nysinag Q)

in which n; represents the index of refraction of the medium i, a, is the in-
cident angle from air and a; is the refracted angle into the core of the fibre.
Refraction propagates through the fibre in which the core-cladding refrac-
tion is also determined by Snell’s law such that n;sing; = nysing,. Total
internal reflection is achieved when g, = p/2 thereby identifying the critical

incident angle a; as that for which
19—
sinag=-— n{ n; 2

No

In this study, a UV-LPFG is placed in a thermal system environment that
measures it’s transmission spectrum with respect to temperature and to heat
flux in an effort to provide the ground-work for photonic heat flux and tem-
perature sensors.
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3 Experimental Set-up

A CLS-561 light source providing 23 dBm (200 mW) with a spectral power
stability of 0.2 dB for wavelengths ranging from 600 nm to 1700 nm pro-
vides incident light to an optical fibre. A BK Precision 9201 electric cur-
rent source is used to power two thermoelectric Peltier modules that are
30mm 30mm 3.8 mm. The modules are used to control the thermal sys-
tem acting on the fibre. An Agilent 86142B is used to measure the transmis-
sion spectrum and an Agilent 34970A is used to measure the temperature
data provided by thermocouples.

Experiments are performed in which the transmission spectrum is mea-
sured for varying temperatures, temperature gradients and distances be-
tween the Peltier modules. The tested LPFG of length 5 cm exhibits a sen-
sitivity of d1./dT = 0.1286 nm/K for which 1. is the centre wavelength
corresponding to the wavelength generating the minimum in the transmis-
sion spectrum. The sensitivity is measured for a mean temperature varying
over 35 C. The experimental apparatus measures centre wavelength with
an accuracy of 0.05nm, which translates into a mean temperature accuracy
of 0.4 C. As losses and minimum power level measurements can be per-
formed with an accuracy of 0.01 dB, UV-LPFG are used for the simultaneous
measurement of temperature gradient and mean temperature by tracking
the changes in transmission spectral minimum and centre wavelength.

4 Experimental results

4.1 Transmission response to temperature gradient

We consider the case in which a target mean temperature is applied to the
fibre and the transmission spectrum is measured. The experiments are re-
peated for varying thermal gradient while maintaining the same target mean
temperature. The experimental results illustrated in Fig. 2 demonstrate that
an increase in temperature gradient dictates a decrease in the lower peak
of the transmission spectrum and that the wavelength generating the peak
is independent of temperature gradient. The temperature gradient is iden-
tified by the temperature differences (DT) generated by the Peltier modules
since they are maintained at a fixed centre-to-centre distance of 30 mm.
Similar experimental observations were observed for mean temperatures
of 10, 15, 20, 25, 30, 35 and 40 C in which each set of experiments was
conducted over the same range of temperature gradients as that of Fig. 2.
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Fig. 2 Transmission spectrum with respect to varying thermal gradients (denoted DT)
with fixed distance between Peltier modules and fixed mean temperature T.

Figure 3 presents the measured transmission spectrum minimums (de-
noted ap,in) With respect to temperature gradient for varying mean tempera-
tures. The results show a linear dependence between transmission spectrum
minimums and temperature differences. Furthermore, a curve fitting to the
measured data is used to provide a predictive tool. More specifically, the
following linear equation predicts the thermal gradient from transmission
spectrum results for the tested optical fibre.

DT(amin) = 137.lamn 1577.9 ©)

-11.35 1

-11.40} AT ~ —137.099 i — 157791
11456 ] e T=I5T
Qmin (dB) _1150F i u F:_?()c(
~1155F r=25¢
~1160 =30t
v ] v T=35C

-1165F . . . 3

-20 -10 0 10 20
AT(°C)

Fig. 3 Minimum transmission spectrum with respect to varying thermal gradient.
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4.2 Transmission response to mean temperature

We now consider the case in which a target temperature difference is main-
tained for a series of experiments with varying mean temperatures. The re-
sults illustrated in Fig. 4 show that as the mean temperature increases, the
lower peak of the transmission spectrum remains constant. However, the
results also show the centre wavelength increasing mean temperature.
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Fig. 4 Transmission spectrum with respect to varying mean temperature ('I_') with fixed
thermal gradient.

Similar experimental observations were observed for DT values of 20,
10, 0, 10 and 20 C in which each set of experiments was conducted over the
same range of mean temperatures as that of Fig. 4.

The results illustrated in Fig. 5 show a linear relation between the centre
wavelength and the mean temperature. The following linear curve fit can
be used to predict the substrate’s mean temperature from the transmission
results for the tested optical fibre.

T(l,) =13.11, 18549.0 (4)

Equations (3) and (4) imply that the transmission spectrum measure-
ments, and more specifically, the coordinates of the peak dip in transmission,
can be used to determine the mean temperature and the thermal gradient of
amaterial over a length spanning 30 mm. The accuracy of the DT and T mea-
surements is evaluated as being within 0.34 C due to the peak transmission
measurements being within 0.0001 dB.
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Fig. 5 Centre wavelength with respect to mean temperature

5 Conclusion

This work shows that optical fibres can be used to simultaneously measure
the thermal behaviour of a substrate. It is demonstrated that the mean tem-
perature is a linear function of the transmission spectrum’s centre wave-
length and that the temperature gradient is a linear function of the trans-
mission spectrum’s minimum value. Therefore, by applying Fourier’s law
of heat conduction, a single photonic sensor can be calibrated and used to
measure the temperature and heat flux of a substrate with known propri-
eties. This technology has potential applications in many industries, such as
combustion engines, integrated circuits and building materials since current
heat flux sensors require two temperature readings resulting in a high un-
certainty. Furthermore, optical fibres can be easily embedded into materials
thereby providing surface boundary conditions by using the inverse heat
conduction method.
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Nudging-based observers for
geophysical data assimilation
and joint state-parameters
estimation

Samira Amraoui, Didier Auroux, Jacques Blum,
Blaise Faugeras

Abstract Oceans and the atmosphere are governed by the general equa-
tions of fluid dynamics. Data assimilation consists of estimating the state of
a system by combining, via numerical methods, two different sources of in-
formation: models and observations.

The Back and Forth Nudging (BFN) algorithm is a prototype of a new class
of data assimilation methods. The nudging technique consists in adding a
feedback term in the model equations, measuring the difference between the
observations and the corresponding space states. The BFN algorithm is an
iterative sequence of forward and backward resolutions, all of them being
performed with an additional nudging feedback term in the model equa-
tions.

These nudging-based algorithms can be extended with the aim of correcting
non-observed variables. This particularly concerns model parameter identi-
fication, with the potential of improving the quality and the confidence in
the model state for future data assimilation processes.

1 Introduction

It is well established that the quality of weather and ocean circulation fore-
casts is highly dependent on the quality of the initial conditions. Geophysi-
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cal fluids (air, atmospheric, oceanic, surface or underground water) are gov-
erned by the general equations of fluid dynamics. Geophysical processes are
hence nonlinear because of their fluid component. Such nonlinearities im-
pose a huge sensitivity to the initial conditions, and then an ultimate limit
to deterministic prediction (estimated to be about two weeks for weather
prediction, for example). This limit is still far from being reached, and sub-
stantial gains can still be obtained in the quality of forecasts.

Data assimilation (DA) is precisely the domain at the interface between
observations and models that makes it possible to identify the global struc-
ture of a system from a set of discrete space-time data. DA covers all the
mathematical and numerical techniques in which the observed information
is accumulated into the model state by taking advantage of consistency con-
straints with laws of time evolution and physical properties, and which al-
low us to blend, as optimally as possible, all the sources of information com-
ing from theory, models and other types of data.

There are two main categories of DA techniques [1], variational meth-
ods based on the optimal control theory [2] and statistical methods based
on the theory of optimal statistical estimation (for example, see [3-5] for an
overview of inverse methods, both for oceanography and meteorology).

Here, we study the Back and Forth Nudging (BFN) algorithm, which is
the prototype of a new class of data assimilation methods, although the stan-
dard nudging algorithm has been known for a couple of decades. The nudg-
ing technique consists in adding a feedback term in the model equations,
measuring the difference between the observations and the corresponding
space states. The idea is to apply the standard nudging algorithm to the
backward (in time) nonlinear model in order to stabilize it. The BFN al-
gorithm is an iterative sequence of forward and backward resolutions, all
of them being performed with an additional nudging feedback term in the
model equations. We also present the Diffusive Back and Forth Nudging
(DBFN) algorithm, which is a natural extension of the BFN to some par-
ticular diffusive models, and the P-BFN for parameter estimation (possibly
jointly with state estimation).

2 Back and Forth Nudging

2.1 The nudging algorithm

The standard nudging algorithm consists in adding, to the state equations,
a feedback term, which is proportional to the difference between the obser-
vation and its equivalent quantity computed by the resolution of the state
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equations. The model appears then as a weak constraint, and the nudging
term forces the state variables to fit as well as possible to the observations.
Let us consider a very generic model

8

29X _Exu), o<t<T

>dt (1)
= X(0)=V.

We assume that we have an observation X,,s(t) of the state variable X(t).
The nudging algorithm simply gives

8
2o F(X,U) + KXo HX), 0<t<T,
dt )
=
= X(0) =V,

where H is the observation operator, allowing us to compare the observa-
tion X, with the corresponding quantity of the model solution X, and K is
the nudging matrix. It is quite easy to understand that if K is large enough,
then the state vector transposed into the observation space (through the ob-
servation operator) HX(t) will tend towards the observation vector X,ps(t).
In the linear case (where F and H are linear operators), the forward nudging
method is nothing else than the Luenberger observer [6], a deterministic and
time continuous alternative method to statistical Kalman filtering method
first introduced in 1966. The operator K can be chosen so that the error goes
to zero when time goes to infinity, hence its name of asymptotic observer.

This algorithm was first used in meteorology [7], and has since been used
with success in oceanography [8] and applied to a mesoscale model of the
atmosphere [9]. Many results have also been carried out on the optimal de-
termination of the nudging coefficients K [10-12].

The backward nudging algorithm consists in solving the state equations
of the model backwards in time, starting from the observation of the state of
the system at the final instant. A nudging term, with the opposite sign com-
pared to the standard nudging algorithm, is added to the state equations,
and the final obtained state is in fact the initial state of the system [13, 14].

2.2 The BFN algorithm

The Back and Forth Nudging (BFN) algorithm consists in solving first the
forward (standard) nudging equation, and then the backward nudging equa-
tion. After resolution of this backward equation, one obtains an estimate of
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the initial state of the system. We repeat these forward and backward reso-
lutions with the feedback terms until convergence of the algorithm [14].
The BFN algorithm is then the following:

8 ax
<d—tk =F(X,U) +K(Xgps HXW), 0<t<T,
~ X (0) = X, 1(0),
8 - (3)
< dXi ~ ~
- = F(X,U) K(Xgps HXW), T<t<0,

© Zi(T) = X (T),

with Xp(0) =V as initial condition. Starting from V, a resolution of the di-
rect model gives Xo(T) and hence Xo(T). Then a resolution of the backward
model provides X,(0), which is equal to X;(0), and so on.

This algorithm can be compared to the variational algorithm (4D-VAR,
based on optimal control theory), which also consists in a sequence of for-
ward and backward resolutions. In the BFN algorithm, even for nonlinear
problems, it is useless to linearize the system and the computation of the
backward system is as easy as the direct system, unlike an adjoint equation,
the determination of which can be a playful task. In the case of ill-posed
backward resolution, the extra feedback term in backward equation has the
additional property to stabilize the numerical resolution.

The BFN algorithm has been tested successfully for the system of Lorenz
equations, Burgers equation and a quasi-geostrophic ocean model in [15], for
a shallow-water model in [16] and compared with a variational approach for
all these models. It has been used to assimilate the wind data in a mesoscale
model [17] and for the reconstruction of quantum states in [18].

2.3 DBFN: Diffusive Back and Forth Nudging algorithm

In the framework of oceanographic and meteorological problems, there is
usually no diffusion in the model equations. However, the numerical equa-
tions that are solved contain some diffusion terms in order to both stabilize
the numerical integration (or the numerical scheme is set to be slightly diffu-
sive) and model some subscale turbulence processes. We can then separate
the diffusion term from the rest of the model terms, and assume that the
partial differential equations read:

dX

Sp =FeQ+mDX, 0<t<T, )
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where F has no diffusive terms, n is the diffusion coefficient, and we assume
that the diffusion is a standard second-order Laplacian (note that it could
be a fourth or sixth order derivative in some oceanographic models, but for
clarity, we assume here that it is a Laplacian operator).

We introduce the D-BFN algorithm in this framework, for k 1

C
% = F(Xk) + nDXk + K(Xobs H(Xk)), 0<t<T,

X (0) = Xy 1(0),
8 ax (5)
= (Ttk =F(Xy) nDXy K'Xps H(X)), T>t>0,
= X(T) = X,(T).

It is straightforward to see that the backward equation can be rewritten,
usingt!=T t

8 -~
< dX ~ ~ -
Gg = FRO+nDRe+ KXo H(X), 0<t'<T, ©

T X (1P =0) = X, (T).

where X, is evaluated at time t', the backward equation is well-posed,
with an initial condition and the same diffusion operator as in the forward
equation. The diffusion term both takes into account the subscale processes
and stabilizes the numerical backward integrations, and the feedback term
still controls the trajectory with the observations.

The main interest of this new algorithm is that for many geophysical
problems, the non-diffusive part of the model is reversible, and the back-
ward model is then stable. Moreover, the forward and backward equations
are now consistent in the sense that they will be both diffusive in the same
way (as if the numerical schemes were the same in forward and backward
integrations), and only the non-diffusive part of the physical model is solved
backwards. Note that in this case, it is reasonable to set K! = K.

The DBFN algorithm has been tested successfully for a linear transport
equation in [19] and for the non-linear Burgers equation in [20].

2.4 Theoretical considerations

Data Assimilation is the ensemble of techniques combining the mathemat-
ical information provided by the equations of the model and the physical
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information given by the observations in order to retrieve the state of a flow.
In order to show that both BFN and DBFN algorithms achieve this double
objective, let us give a formal explanation of the way these algorithms pro-
ceed.

If K! = K and the forward and backward limit trajectory are equal, i.e
Xy = Xy, then taking the sum of the two equations in (3) shows that
the limit trajectory Xy satisfies the model equation (1) (including possible
model viscosity). Moreover, the difference between the two equations in (3)
shows that the limit trajectory is the solution of the following equation:

K(Xops H(Xx)) =0. )

Equation (7) shows that the limit trajectory perfectly fits the observations
(through the observation operator, and the gain matrix). In a similar way, for
the DBFN algorithm, taking the sum of the two equations in (5) shows that
the limit trajectory Xy satifies the model equations without diffusion:

dXy
— =F(X
at (Xx) ©))
while taking the difference between the two same equations shows that Xy

satisfies the Poisson equation:
K
DXy = —(Xobs H(Xx)) €)

which represents a smoothing process on the observations for which the
degree of smoothness is given by the ratio % [19]. Equation (9) corresponds,

in the case where H is a matrix and K = kHTR 1, to the Euler equation of
the minimization of the following cost function
Z
J(X) =KkhR (Xeps HX),(Xeps HX)i+n krxk? (10)
W

where the first term represents the quadratic difference to the observations
and the second one is a first order Tikhonov regularisation term over the
domain of resolution W. The vector Xy, solution of (9), is the point where
the minimum of this cost function is reached. This is a nice increment to the
BFN algorithm, in which the limit trajectory fits the observations, while in
the DBFN algorithm, the limit trajectory is the result of a smoothing process
on the observations (which are often very noisy).
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2.5 P-BFN for parameter estimation

In many physical or biological dynamical systems the state equations con-
tain parameters that are not well known and need to be estimated. The usual
approach to achieve this identification is to include the unknown parame-
ters together with the initial conditions into the set of control variables and
to minimize a cost function measuring the discrepancy between the model
outputs and the observations. The drawback of this approach is that it ne-
cessitates the computation of derivatives with respect to the parameters.

On the other hand, the relative simplicity of the BFN framework is at-
tractive to perform parameter identification. The state equations can be aug-
mented with equations expressing the stationarity of the parameters, the ini-
tial conditions being the parameters values:

8
§%=F(X,P), 0<t<T, X(0)=V,

?%Ft’:o, 0<t<T, P(0)=U.

(11)

A Lyapunov functional is then formulated and enables one to obtain
the expression of the nudging term to be added to these parameter equa-
tions [21]. Note that using observations on the state only, it is possible to add
feedback terms (to the observations) on both parameter and state equations.

Finally BFN-like iterations provide, after convergence, an estimate of the
the initial conditions for the state equations and the parameter’s supplemen-
tary equations thus giving an estimate of the unknown parameters.

3 Numerical results

Let us now consider the simple example of a 1D transport equation and
assume that the parameter a(x) of this transport equation is unknown. We
want to estimate both the model state u and parameter a. We add an ad hoc
equation for the time-independent parameter:

Teu(t, x) +a(x)xu(t,x) =0, u(0,x) = ug(x),
fra(t,x) =0, a(0,x) = a(x).

Then we apply the BFN algorithm to this coupled system, and we add
feedback terms to both equations, using only observations on the state u:
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Fig. 1 Comparisons between the true augmented state (state and parameter) and its esti-
mation by P-BFN algorithm: reconstruction of parameter (left) and state (right). Relative
error of parameter reconstruction (bottom) with regards to P-BFN iterations in a time win-
dow of [0, T] equal to [0,0.2].

Ted(t, x) + a(t, x)TxG(t, x) = Ky(ugps(t,X)  G(L, X)),
ﬂté(t! X) = KaF(uobS(tv X) a(t,X)),

where F is a feedback function involving spatial differential operators, such
that there exists a Lyapunov function that decreases in time.

Then, we can prove that both u and a can be reconstructed, as it can be
seen in Figure 1.

4 Conclusion

For state estimation, the BFN algorithm is a valuable technique for many
reasons: its ease of implementation (simple combination of model and ob-
servation functions), its robustness and fast convergence, without requiring
any linearization or optimization processes. When it comes to dealing with
large-scale problems, as is already the case in meteorology and oceanogra-
phy, the use of high computational cost methods is barely possible and BFN
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can be a suitable solution. In terms of efficiency, the estimation provided by
the BFN is comparable to other data assimilation methods in all tests con-
ducted.

Its range of application can be extended to parameter estimation. By tak-
ing advantage of model parameter information contained in the state solu-
tion, the P-BFN identifies the model parameter exclusively from state obser-
vations. The numerical tests on the identification of the velocity parameter in
a transport equation confirm that both state and parameter can be estimated
without increasing the computational cost.
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the National Research Agency (ANR) with the reference number ANR-15-
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The retina: a fascinating object
of study for a physicist

Bruno Cessac

Abstract | briefly present joint research where ideas and methods from the-
oretical physics can be applied to better understand the behaviour of the
retina in normal, developmental and pharmacologically controlled condi-
tions.

1 Introduction

Our visual system has astonishing capacities, from the rapid extraction of
the main features of a visual scene, to higher level tasks like reading or face
recognition. Our vision starts from the retina. This tiny membrane, only a
few hundred microns thick, covering 75% of the internal ocular globe per-
forms fundamental yet complex tasks. Although its primary function is to
convert the photons from the outer world into sequences of action poten-
tials (spike trains), encoding the visual scene, and conveying them to the
visual cortex where they will be "decoded"”, the retina is not a mere cam-
era. In recent years, researchers have indeed discovered that the retina "is
smarter than scientists believed" [1].

In this paper, | would like to share with the reader the fascination of
the retina for a physicist, working for years in the field of dynamical sys-
tems theory and statistical physics applied to "complex systems", especially
neuronal models. Working with biologists and retinal specialists, | have dis-
covered a beautiful object of studies both from the applied and theoretical
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physics point of view. The retinal machinery (neurons, synapses, ion trans-
port, light conversion from photoreceptors, etc.) is governed by physics. Yet
the extrapolation of physical methods from theoretical physics (mean-field
methods, transport equations, Gibbs distributions, etc.) raises several inter-
esting questions that | have been confronted with during my research, and
which | want to briefly present in this paper.

2 The retina structure

Throughout this paper, | will use "computer-oriented"” language to deal with
the retina: information, circuits, code, decode, computation, etc. This is a
contemporary view, largely influenced by our computer-based society. Al-
though this analogy is useful - it eases explanations and provides fruitful
paradigms — it has its limitations, which are stressed throughout this paper.

The retina, much like the rest of our body, especially the brain, has an
evident problem: it can’t tolerate large variations in temperature. Especially,
the Joule effect has to be strongly limited. As a consequence, neurons, which
are cells producing electric currents, do not use electrons, instead they use
ion transfer (sodium, potassium, calcium, chloride, etc.). The currents pro-
duced this way are small (of order 1 100 pA), as well as voltage variations
(100 mV), thus with an electric power of order pW. Even if there are many
neurons of different types in the retina (of order 108, including photorecep-
tors), the total heat production is quite small compared to a computer that
would perform the same tasks. However, ions are quite slow, and the corol-
lary is that the retina has to use massive parallel computations to perform
complex tasks in a short time. This computation is achieved via neurons, but
also by synapses: the synaptic organization of the retina plays a central role
in its abilities (e.g., http://webvision.med.utah.edu/book/part-
i-foundations/simple-anatomy-of-the-retina/).

The retina converts photons into variations of electric potential (photo-
transduction) via photoreceptor cells: rods (about 130 million) ensure eye-
sight in poor illumination; cones (about 7 million) ensure central vision and
colour perception. Phototransduction is a very efficient mechanism as a sin-
gle photon can produce a visual effect. This is due to a complex cascade of
molecular mechanisms with a huge multiplicative effect. At the other side of
the retina one finds retinal ganglion cells (RGCs), the final stage of retina en-
coding, as these are the cells that emit action potentials (spikes) via their ax-
ons (which constitute the optic nerve) to the visual cortex via the thalamus.
There are about 1.2 to 1.5 million RGCs in the human retina. On average,
each RGC receives inputs from about 100 rods and cones. These numbers
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vary greatly among individuals and as a function of retinal location. In be-
tween, one finds 3 cells types: horizontal, bipolar and amacrine cells. Unlike
most neurons, these cells communicate via graded potentials, rather than ac-
tion potentials. Horizontal cells are laterally interconnecting neurons, help-
ing integrate and regulate the input from multiple photoreceptors. Bipolar
cells transmit the signals from the photoreceptors or the horizontal cells, and
pass them on to the ganglion cells directly or indirectly (via amacrine cells).

The retina has therefore both a feed-forward structure (from photorecep-
tors to ganglion cells) and a lateral structure (due to horizontal and amacrine
cells). This generates different types of neural circuits, which enable the
RGC:s to efficiently process local visual information such as dim light, small
responses to single photon absorption, segregating moving objects, filtering
the movement of body, head, or eye, motion extrapolation, detection of ap-
proaching motion, surprise at the missing element in the sequence. Many of
these computations match the evident challenge of animals: to detect mov-
ing objects and locate them correctly; to struggle with a constantly moving
image sensor; and to predict the future and adapt to changing conditions [1].
Thus, the thalamus and visual cortex receive not a computer-like pixel rep-
resentation of the image, but a set of features processed via nonlinear mech-
anisms that researchers try to identify [1].

The optic nerve is therefore like an optical fiber with several millions of
channels - the axon of each RGC - conveying a local spatio-temporal infor-
mation encoded by sequences of spikes, decoded by the brain. However,
in contrast to computers, the code has variability and, nevertheless, robust-
ness. First, several presentations of the same visual stimulus do not trigger
the same sequence of spikes although some statistical regularity is observed
(typically, a given RGC type fires more intensively when a specific stimu-
lus is presented). Second, there is not a unique coding strategy. RGCs con-
vey part of the information independently from each other through their
firing rates, or timing of spikes. But they share information because the spa-
tial regions that they scan have overlaps (a photoreceptor contributes the
activity of several RGCs) inducing stimuli-induced correlations in their re-
sponse. In addition, the lateral connections from horizontal and amacrine
cells induce indirect interactions between RGCs. Therefore, RGCs presum-
ably also encode information at a population level. This "population coding"
presents several advantages: redundancy, reduction of uncertainty, simulta-
neous coding of different stimulus attributes, fast response, etc. It is however
a contemporary challenge to understand it.
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3 Population coding and statistical physics

Current acquisition technologies (Multi-Electrodes Array, MEA) allow us to
simultaneously record several thousands of RGCs in response to a visual
scene, providing a contemporary challenge: to try and decipher the visual
scene from the RGC spikes and thereby infer coding strategies of the visual
system. Part of this information can be recovered by assuming that cells en-
code information independently. This allows one to design "decoders" based
on firing rate, spike latency, rank order, etc. Yet, the decoders built this way
have many fitting parameters and their efficiency may vary with the visual
stimulus. In addition, it has been shown [2] that a part of the information is
carried by the (weak) correlations between RGCs suggesting that population
coding takes place.

For a modeller, it seems clear that a population of connected neurons sub-
mitted to an external stimulus will produce a correlated response at the pop-
ulation level. We have made a mathematical analysis of this aspect in [3, 4],
using Integrate and Fire models. We have shown that the population statis-
tics are described by a variable length Markov chain where transition proba-
bilities can be explicitly written: they depend on neuron connectivity, on the
stimulus and on spike history in a similar fashion as the so-called General-
ized Linear Models [5].

Such Markov chains are closely related to what physicists call "Gibbs dis-
tributions", initially introduced by Boltzmann and Gibbs to establish a link
between microscopic dynamics of particles and thermodynamics. Gibbs dis-
tributions are probabilities of exponential form where the term in the expo-
nential is, in physics, proportional to the energy; the form of the energy is
constrained by the forces involved in the problem and defines a statistical
model or an "ensemble”. More generally, in the correspondence with Markov
chain, the term in the exponential has not the interpretation of a physical en-
ergy, but we will call it "energy" as well, for simplicity. When dynamics are
time-translation invariant ("stationarity"), Gibbs distributions are obtained
by maximizing the statistical entropy under the constraint that the average
of the observables defining the energy is fixed (Maximum Entropy Principle,
MEP), but their definition via the equivalence with variable length Markov
chains allows for non-stationary situations.

Using Gibbs distributions to analyze retina data and population coding
has shown great success within the last decade. In particular, several im-
portant results have been obtained by using the MEP for an energy hav-
ing the form of an Ising model, i.e., taking into account instantaneous pair-
wise interactions between neurons [2]. Extensions to more general energy
forms have been considered too (triplet interactions [6], time delayed inter-
actions [7]). In particular, we have developed efficient algorithms and soft-
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ware, PRANAS, [8] allowing us to fit the parameters of a Gibbs distribution
(whose energy form is given) from MEA data.

This "Gibbs" approach is appealing for a physicist. It would allow us to
apply the powerful techniques and concepts from statistical physics to the
analysis of the neural code. In addition, showing a canonical form of energy
fitting well with retina data could be a step towards the "thermodynamics"
of the retina: to explain the dynamics of a large population of RGCs by com-
bining a few canonical observables. However, this approach raises several
deep questions.

Which energy form? In contrast to statistical physics/thermodynamics,
the energy form for the retina cannot be inferred from first principles, so
researchers are reduced to guess the form. Unfortunately, a mathemati-
cal analysis based on the mapping between Markov chains describing the
neuronal dynamics and Gibbs distribution shows that the corresponding
energy generically has a plethora of highly redundant observables [4].
We have proposed a method to eliminate these redundant terms from
data analysis using information geometry, and we have shown experi-
mentally that the degree of redundancy depends on the visual stimulus
correlations [9].

Non stationarity. Most Gibbs approaches, based on MEP, use the assump-
tion of stationarity. To the contrary, the retina mainly responds to changes
in a visual scene, i.e., transient, non-stationary stimuli. The MEP does not
extend to this case. We have developed an approach, based on linear re-
sponse theory, where a time-dependent stimulus is viewed as a perturba-
tion of a stationary state (spontaneous activity) that can be characterized
from data using MEP. In this case, the response to the stimulus can be
written in terms of correlations of the stationary case (this an extension of
the fluctuation-dissipation theorem of physics) [10].

Decoding. Assume we are able to characterize the population statistics of
RGC with a Gibbs distribution, how can we use it to decode the visual
stimulus? Although some promising approaches have been proposed,
this question seems far from being solved.

4 Retinal waves, retinal development and non linear
dynamics

Immediately after birth the visual system of vertebrates is not yet effective.
A complex, transient sequence of dynamical processes takes place starting a
few days before birth, progressively enabling "the eyes to see" and stopping
when vision is functional. A large part of this processing is due to waves of
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electric activity ("retinal waves") spreading through the retina with a char-
acteristic periodicity. This macroscopic phenomenon (i.e., occurring at the
scale of the whole retina) originates from microscopic processes starting at
the molecular level (ionic channels), inducing bursts of activity in specific
cells, and spreading through the retina by virtue of cell connectivity. Reti-
nal waves are classified into 3 consecutive stages, each having a specific
role in visual system development. The transition between stages results
from genetically programmed morphological changes. However, a part of
this spatio-temporal activity and its transformation during development can
be explained by generic mechanisms in nonlinear dynamics, as we describe
here, focusing on stage Il. This section is a summary of D. Karvouniari’s the-
sis [11, 12], work conducted in collaboration with Institut de la Vision and
InPhyNi (L. Gil).

Stage Il retinal waves are due to spontaneous and periodic bursts of ac-
tivity of specific retinal cells, the starburst amacrine cells (SACs), coupled by
the excitatory neurotransmitter, acetylcholine (Ach). When a SAC is active
(bursting) it releases acetylcholine; this can trigger the activation of post-
synaptic cells. The membrane potential V of SAC i can be modeled as:

CO = (Vi )+ learp (Vi R) + Tacn (%, A, &
where C is the membrane capacitance. The term l;,,(V, ) represents the sum
of ionic currents involved in SACs bursting (mainly calcium and potassium),
and depending on additional dynamical variables represented, for simplic-
ity by the symbol (see [11] for details); I;anp(Vi, Ri) is a slow hyperpolar-
ization potassium current, depending on a refractory variable R; controlled
by a cascade of kinetic processes; finally, Iach(V, Aj) is the sum of excitatory
acetylcholine currents due to active pre-synaptic cells j connected to i.

A bifurcation analysis of the model (1) shows that SACs can switch, by
a saddle-node bifurcation, from a rest state to fast oscillations in the order
of milliseconds (bursting). This arises when the current lyt = Isanp + lach
crosses from below a threshold value Isy, depending on biophysical param-
eters (conductances, reversal potentials, etc.). Reciprocally, when the cell is
bursting, it can go back to a rest state, by a homoclinic bifurcation, if Iy
crosses from above a threshold value Iy . In general, Iy, < Iy but they dif-
fer by a few pA, so, for simplicity, we identify them from now. Thus, in short:

< (,SAC is at rest,

> (,SAC is active. @)

if ot = lsanp + lach,

The transition from rest to active is due to excitation from pre-synaptic ac-
tive cells, via the excitatory current Iacy (V, A;). The transition from active to
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rest is due to the slow hyperpolarization current I;anp (Vi, Ri) (having a neg-
ative sign). Indeed, when the cell is active, a complex mechanism involving
calcium takes place, Isapp(Vi, Rj) becomes more and more negative, lead-
ing the cell, after a few seconds and via a bifurcation, to a hyperpolarized
rest state where it can not be excited for a long period (in the order of one
minute), independently of the excitatory current |5, provided by the other
cells.

Thus, wave propagation is due to a transition from rest to active state of
SACs transmitted via Ach interactions. Waves are stopped by hyperpolar-
ized regions corresponding to cells that have burst in a former wave. There-
fore, each wave has to propagate into a landscape, imprinted by previous
waves, with refractory regions and excitable regions. This landscape evolves
slowly in time, on time scales that are longer than the SAC refractory period.
This generates a spatial anisotropy where some cells are more active ("lead-
ers") and some others more refractory. In this way, the mere dynamics gener-
ate a huge spatio-temporal variability, even if the cells are initially identical.
This (biologically observed) variability is purely dynamical and does need
to add extra mechanisms to be explained.

A non-linear wave propagation equation can be obtained, upon several
approximations, considering SACs are located on a d-dimensional regular
lattice, with spacing a, and nearest-neighbours interactions. The Ach con-
ductance, G, considered now as a field in a d-dimensional continuum, obeys:

1G

It
where m is the Ach degradation rate, W the Ach production rate; D is the
Laplacian operator; H is the Heaviside function, mimicking the threshold
effect (2), and G¢(R) is the critical threshold, derived from the bifurcation
condition (2) in a refractory landscape characterized by the variable (field)
R and depending upon the network history. This is a singular equation be-
cause one applies a Laplacian to a Heaviside function. It is however possible
to smooth the Heaviside function to eliminate this singularity. This equa-
tion can be solved for simple refractory landscapes, but the general situation
where R is a random landscape imprinted by waves history, is still under in-
vestigation.

The process of wave generation and propagation bares some similarity
to forest fires introduced in the context of Self-Organized Criticality (SOC).
SOC systems have the ability to self-organize into a state where character-
istic events (avalanches) have power law distributions. This has lead some
researchers to hypothesize that the retinal wave distribution (size or dura-
tion) could follow a power law [13]. Experimental evidence is not convinc-
ing though and would deserve a more elaborate analysis. Interestingly, eq.

= mG+2dWH[G G¢(R)]+a2WDH[G Gc(R)], ©)
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(3) corresponds to a continuum limit of a SOC model (a sandpile) if the term

mG + 2dWH[G G¢(R)] = 0. This is very specific and non-generic situa-
tion. As a consequence, in our model, wave distributions are exponentials,
except at a specific curve in the parameter space, given by this specific re-
lation and related to the bifurcation condition (2); there the distribution is
a power law. This suggests that SACs do not organize in a critical state un-
less some additional mechanism is added (like homeostasy), driving them
towards the critical curve.

This model provides an example where one can construct the path from
the molecular scale to the neuronal scale, to the macroscopic scale. The math-
ematical analysis allows us to explain bursting of SACs and wave propa-
gation with simple mechanisms in nonlinear dynamics. In addition, it al-
lows us to explicitly compute several important quantities, such as the wave
speed.

But the main interest is the closeness to experiments. The model not only
reproduces experimental facts, it also leads us to experimental predictions,
some of which are on the way to be experimentally confirmed (see [11,12] on
the role of kV3 channels on bursting of SACs during stage Il). In particular,
we are able to characterize how retinal wave structure is evolving during
development when synaptic connections are modified. Likewise, the model
is accurate enough to explain pharmacological manipulations (e.g., channels
or synaptic terminal blocking).

5 Conclusion and perspectives

In this paper, | have given examples of research where concepts and meth-
ods from theoretical physics are used to understand retinal dynamics and
how it encodes information. | would like now to briefly present further on-
going developments.

Amacrine cells and motion processing. When an object moves across the
visual field our visual system is able to interpolate its trajectory and to fil-
ter much spurious information: eye-head-body movements, motion of the
background. In particular, anticipation is absolutely essential to compensate
the time lag of 30 100 ms between the reception of photons in the retina
and the response of the visual cortex. Part of the anticipation process starts
in the retina and is explained by the non-linear response (gain control mech-
anism) of bipolar and ganglion cells [14]. This does not take into account
the lateral connectivity of amacrine cells, which play an important role in



Retina and physics

motion processing (differential motion, approaching motion, etc.). We want
to understand the possible role of amacrine cells lateral connectivity in the
retina in processing complex motion. In particular, we are seeking a specific
transient signature in RGC correlations, in response to a moving object. We
believe that the correlated response could provide more efficient process-
ing of the object motion, especially trajectory anticipation and interpolation.
We want to validate this hypothesis at the modelling level (PhD thesis of
Selma Souihel) and experimental level, in collaboration with the Institut de
la Vision and Institut des Neurosciences de la Timone, in the context of the
Trajectory ANR.

Effect of pharmacologically switching a population of RGCs. At present,
over 30 RGC sub-types have been identified, typically on the basis of com-
mon anatomical features or basic functions (e.g., sensitivity to motion, orien-
tation, motion direction etc.). In collaboration with the University of New-
castle, in the context of E. Kartsaki’s thesis, we want to investigate how
different groups of RGCs contribute to the encoding of visual scenes. The
project uses a pharmacogenetics approach (combined with MEA physiology,
anatomy, computational modelling and behaviour) to reversibly silence sub-
groups of RGCs sharing gene expression through specific drugs (DREADD)
activation. Removing an entire functional RGC group from the population
response will shed light on the role these same cells play in population en-
coding of complex visual scenes and identify which information is lost, lo-
cally and globally.

References

. T. Gollisch and M. Meister. Neuron, 65(2):150-164, January 2010.
E. Schneidman, M.J. Berry, R. Segev, and W. Bialek. Nature, 440(7087):1007-1012, 2006.
R. Cofré and B. Cessac. Chaos, Solitons & Fractals, 50(13):3, 2013.
R. Cofré and B. Cessac. Phys. Rev. E, 89(052117), 2014.
. J. W. Pillow, Y. Ahmadian, and L. Paninski. Neural Comput, 23(1):1-45, 2011.
E. Ganmor, R. Segev, and E. Schneidman. The journal of neuroscience, 31(8):3044-3054,
2011.
7. J.C. Vasquez, O. Marre, A. Palacios, M.J Berry, and B. Cessac. J. Physiol. Paris, 106(3-
4):120-127, May 2012.
8. B. Cessac, P. Kornprobst, S. Kraria, H. Nasser, D. Pamplona, G. Portelli, and
T. Viéville. Frontiers in Neuroinformatics, 11:49, 2017.
9. R. Herzog, M.J. Escobar, R. Cofré, B. Cessac, and A. Palacios. networks. PNAS (sub-
mitted), 2018.
10. B. Cessac and R. Cofré. submitted to Journal of Mathematical Biology, 2018.
11. D. Karvouniari, L. Gil, E. Orendorff, O. Marre, S. Picaud, and B. Cessac. Scientific
Reports, submitted, 2018.

R e

43



44

Bruno Cessac

12. D. Karvouniari. Retinal waves: theory, numerics, experiments. PhD thesis, EDSTIC, 2018.

13. M.H. Hennig, C. Adams, D. Willshaw, and E. Sernagor. J Neurosci, 2009.

14. M.J. Berry, I.H. Brivanlou, T.A. Jordan, and M. Meister. Nature, 398(6725):334—338,
1999.



Modeling and computation of a
liquid-vapor bubble formation

André Galligo, Frédéric Lesage, Sebastian Minjeaud

Abstract The Capillary Equation correctly predicts the curvature evolution
and the length of a quasi-static vapour formation. It describes a two-phase
interface as a smooth curve resulting from a balance of curvatures that are
influenced by surface tension and hydrostatic pressures. The present work
provides insight into the application of the Capillary Equation to the pre-
diction of single nucleate site phase change phenomenon. In an effort to
progress towards an application of the Capillary Equation to boiling events,
a procedure for generating a numerical solution in which the computational
expense is reduced, is reported.

1 Introduction

Boiling is a complex phase transitioning process in which a new liquid-
vapor interface (bubbles) is created. It is an effective mechanism widely
used in energy conversion industrial facilities. However, a precise descrip-
tive/predictive model of bubble formations is needed to better understand
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